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m (BwP 2018) (U.B + K.B)

“For a standard quadratic equation
ax’ +bx+c =0, the value of the expression

b? —4ac is called discriminant.”
It is used to find the nature of roots without
solving the equation.

(U.B + K.B)

Nature of a quadratic equation

ax* +bx+c=0, when a,b,ceQ and a=0 as:

(i)  Ifb’-4ac=0, then the roots are
rational (real) and equal.

(i) If b®’—4ac<0, then the roots are
complex conjugate or imaginary.

(iii) If b*-4ac>0,and is a perfect
square, then the roots are rational
(real) and unequal.

(iv) If b*—4ac>0,and is not a perfect

square, the roots are irrational (real)
and unequal.

Notel (K.B)
If given polynomial expression is a perfect
square then discriminant is 0.

Using discriminant, find the nature of the
roots of the following equation and verify
the result by solving the equation.

x* —5x+5=0

(LHR 2015, GRW 2016, 17, SWL 2017,
RWP 2015, D.G.K 2017)

Solution:
x> —5x+5=0
Here 2=1 b=-5¢=5

Discriminant = b? —4ac

= (-5 - 40)(®)
=25-20=5

As discriminant > 0 but not perfect
square, Roots are irrational (real) and
unequal.

Verification:

Solving the equation by using
quadratic formula

‘o —b++/b? —4ac

2a
M kY (-5)* —4(1)(5)
2(0)
E: J5

2
Evidently, Roots are irrational (real)

and unequal.
Find k, if the roots of the equation
(k+3)x* —2(k +D)x—(k+1)=0 are

equal, if k#-3 (A.B)
Solution:

(k+3)x* —2(k +D)x—(k +1) =0

Here

a=k+3, b=-2(k+1),c=—(k+1)
As roots are equal, discriminant is zero.
= Disc.=b*-4ac=0

[-2(k +D]? —4(k +3)[-(k +1D] =0
Ak +1?+4(kk +3)(k+1) =0
4k+D[(k+D)+(k+3)]=0

4k +1)(2k+4)=0
Either

k+1=0 or 2k+4=0 --4=0

k=-1 or 2k=-4

k=-2
Thus, roots will be equal if k=-1,-2
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Q.1 Find the discriminant of the
following given quadratic equations:
Solution:
(i) 2x* +3x-1=0 (A.B)
(GRW 2017, FSD 2016, MTN 2014,
D.G.K 2016)
By comparing given equation with
ax® +bx+c =0, we get
a=2,b=3 c=-1
Disc = b*—4ac
= (3" -4(2)(-)
=9+8
=17
(i) 6x*—-8x+3=0 (A.B)
(LHR 2016, SWL 2016, D.G.K 2015, 17)
By comparing given equation with
ax’ +bx+c =0, we get
a=6b=-8 c=3
Disc = b’ -4ac
= (-8)" - 4(6)(3)
=64-72
=-8
(iii)  9x*—-30x+25=0 (A.B)
(LHR 2017, MTN 2015)
By comparing given equation with
ax® +bx+c=0, we get
a=9 b=-30, c=25
Disc = (-30)*—4(9)(25)
=900 - 900
=0
(iv) 4x*-7x-2=0 (A.B)

(GRW 2014, SGD 2017, MTN 2016)
By comparing given equation with
ax® +bx+c=0, we get
a=4,b=-7,¢c=-2
= b*—4ac
=(-7)* —4(4)(-2)
=49 + 32

Disc

=81

Find the nature of the roots of the
following given quadratic
equations and verify the result by
solving the equations:

Solution:

(1) x* —23x+120=0 (A.B)
By comparing given equation with
ax’ +bx+c =0, we get
a=1b=-23,c=120
Disc= b*—4ac

= (=23)* —4(1)(120)
=529 - 480

=49

= 72

Since disc > 0 and perfect square,
roots are rational (real) and unequal.

Verification:

X’ —23x+120=0

‘o —b++/b? —4ac

Q.2

2a
| —(-23)+4/(-23)2 - 4(1)(120)
) 2(1)
23+477
2
23+7
X=
2
Either
23-7 23+7
X=— X=
2 2
16 30
== or =—
2 2
X=8 X=15
Hence roots are rational and unequal.
(i) 2x*+3x+7=0 (A.B)

By comparing given equation with
ax? +bx+c=0, we get

a=2b=3c=7
Disc = b?>-4ac
= (3 -4(2)(7)
=9-56
= -47
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Since disc < 0, roots are complex
and imaginary.

Verification:
2x*+3x+7=0
‘o —b++b*-4ac
2a
_ 323 -4Q)(7)
) 2(2)
_ —3+4/9-56
- 4
_ —3+4-47
——
_ —3+/47i
4
Hence roots are complex/imaginary
and unequal.
(i)  16x*—24x+9=0 (A.B)

By comparing given equation with
ax® +bx+c =0, we get
a=16, b=-24, c=9
Disc = b*—4ac

= (-24)* - 4(16)(9)

=576 -576

=0
Since disc = 0, roots are rational
(real) and equal.

Verification:
16x* —24x+9=0
‘o —b ++/b? —4ac
2a
| —(-24)+4/(-24)" - 4(16)(9)
- 2(16)
L 24240
32
24+0
X =
32
Either
24+0 24-0
X = or X=—
32 32

24 24
X=— X=—
32 32
Hence roots are rational and equal.
(iv) 3x*+7x-13=0 (A.B)

By comparing given equation with
ax’ +bx+c=0, we get
a=3b=7,c=-13
Disc = b*—4ac
=(7)" -4(3)(-13)
=49 + 156
=205
Since disc > 0, but not a perfect sqg.
roots are irrational and unequal.
Verification:

3x2+7x-13=0

‘o —b++/b? —4ac

2a

—7+.J(7)2-4(3)(-13)
2(3)

—7++/49+56
6
—7++/205

6

Either

—7-+/205 —7++/205
e T

Hence roots are irrational and unequal.
Q.3  For what value of k, the expression

k?x? +2(k +1)x+4 is perfect

square. (A.B + K.B)

Solution:
k?x* +2(k+1)x+4=0
By comparing given equation with
ax’ +bx+c=0, we get
a=k? b=2(k+1), c=4

Discriminant = b? —4ac
=[2(k+1)] ~4(k?)(4)
= 4(k +1)° ~16k?
=4(k2 +2k +1)—16k2
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= 4k* +8Kk +4—16k*

= 4+8k —12k?

= 4(1+2k -3k
As expression is a perfect square, the
discriminant =0
= 4(1+2k-3k*)=0
1+2k-3k*=0 - 420
1+3k -k -3k*=0

1(1+3k)—k(1+3k)=0
(1+3k)(1-k)=0
Either
1+3k=0 or 1-k=0
3k=-1 k=1
k=1
3
Result
k=1 -1
3
Q.4  Find the value of k, if the roots of
the following equations are equal.
(A.B + K.B)
Solution:
(i) (2k —D)x* +3kx+3=0

Here a=2k-1,b=3k,c=3
Disc = b*—4ac
= (3k)* —4(2k -1)(3)
=9k* 24k +12
Since roots are equal,
Disc =0
= 9k* 24k +12=0
3(3k* -8k +4) =0
3k’ -8k+4=0 - 3%0
3k? -6k —2k +4=0
3k(k—2)-2(k—-2)=0
(k-2)(Bk-2)=0
Either
k—2=0 or 3k—-2=0
=k=2 or k=2

(i)

(iii)

k=2
3

Result:

k=2, 2
3

X* +2(k+2)x+ 3k +4)=0
Here a=1b=2(k+2),c=3k+4
Disc = b*—4ac
= [2(k +2)]" - 4(1)(3k + 4)
= 4(k +2)° — 43k +4)
= 4(K*+4k +4)—4(3k +4)
= 4/ K* +4k+4-3k—4]
=4[k +k]
= 4k (k +1)
Since roots are equal, disc=0
4k (k+1)=0
Either
4k =0 or
k=0 or

Result:
k=0,-1

Bk +2)x* =5(k +Dx+(2k +3) =0
(A.B + K.B)

k+1=0
k=-1

Here
a=3k+2,b=-5(k+1),c=2k+3
Disc = b?—4ac

= [-5(k +1)]*- 4 (3k+2) (2k+3)
=25(k+1)" —4(6k* +9k +4k +6)
=25(k® + 2k +1) - 4(6k* +13k +6)
= 25k*+50k +25—24k* —52k —24
=k -2k +1
Since roots are equal, disc=0
=k?-2k+1=0
(k-1)"=0
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Q.5

Proof

Q.6

Taking square root on both sides
k-1=0
k=1
Result:
k=1
Show that the equation
X’ +(mx+c)2 =a’ has equal roots,
if > =a’(1+m?)  (A.B + K.B)
(FSD 2016)
x? +(mx+c)2 =a’
X? +m*x? +2mex +c¢® = a’
(1+m?)x* + 2mex+c* —a” =0
Here
A=1+m?,B=2mc,C=c*-a’
Disc=B*—-4AC
= (2mc)2 —4(1+ mz)(c2 —a2)
=4m’c* - 4(c* -a’ +m’c’ —a’m?)
= AmPC7 —AC? 1+ 42° — APC +4a°m’
= —4¢” +4a” +4a’m’
Disc= —4[a2 (1+ mz)] +4a’ +4m?
( ¢’ =a’(1+ mz))
=-4[a’ +a'm’ |+4a’ + 4a’m’
=43’ —4a’m® + 4a’ —4a’m’
Disc:O0
..Roots are equal
Hence roots are equal, if ¢* = a’ (1+m?)

Proved
Find the condition that the roots of

the equation (mx+c)’-4ax=0 are
equal. (A.B + K.B + U.B)

Solution:

(mx+c)? —4ax=0

m*x® +2mex —4ax+c? =0

m?x* +(2mc—4a)x+¢° =0
Here A=m?,B=2mc—4a,C =c?
Disc = B*—4AC

Q.7

Proof

= (2mc -4a)’ —4(m2)(02)
=4m?c® —16amc +16a* —4m?*c?
=—16amc +16a’
=—l6a(mc—-a)

Since roots are equal, disc =0

= —16a(mc—-a)=0

Either
mc—a=0 or -16a=0
a=mc a=0

Roots of the given equation are equal
Ifa=mcora=0
If the roots of the equation.
(c*—ab)x*—2(a” —be)x+(b* —ac) =0
are equal, then a=0 or
a’+b’+c®=3abc.

(A.B + K.B + U.B)

(02—ab)xz—z(az—bc)x+(b2 —ac):O

Here

A=c’—ab,B=-2(a’—bc),C=b’—ac
Disc = B> —4AC
= [-2(a® ~bc) | —4(c* ~ab)(b® - ac)
= 4(a® —bc)? —4(b’c® —ac® —ab® +a’bc)
=4(a" - 2a’hc +b?c?) - 4(b’c® —ac® —ab’ +a’bc)
=4(a* -2a’hc +h’c’ —b’c” +ac® +ab’ —a’be)

= 4(a4 +ab® +ac® —3a2bc)

=4a(a’+b’ +c’ —3abc)

Q.8

(i)

Since roots are equal, disc =0

= 4a(a’+b*+c’—abc)=0

Either

4a=0 or a*+b*+c®—3abc=0
a=0 a’+b’+c® =3abc
Roots are equal if either

a=0or a’+b®+c®=3abc

Show that the roots of the following
equations are rational.

Proof. (A.B + K.B + U.B)
a(b-c)x’+b(c—a)x+c(a-h)=0
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Here

A=a(b-c), B=b(c-a), C=c(a-b)
Discriminant = B> —4AC

=[b(c-a)] ~4[a(b—c)][c(a=b)]
=b?(c—a)’—4ac(b—c)(a-b)
:b2(02—2ac+a2)—4ac(ab—b2—ac+bc)
=h%c? — 2ab’c + a%h? — 4a’hc + 4ab’c + 4a’c? —4abc?
=b%c? + a’h? + 4a°c? + 2ab’c — 4a’bc — 4abc?
= (bc)2 +(ab)2 +(—2ac)2 +2(bc)(ab)
+2(ab)(—2ac)+2(-2ac)(bc)
a2+b2+c2+2ab+2bc+2ca:(a+b+c)2
= (bc+ab—2ac)2

As discriminate > 0 and perfect square, roots
are rational.

(i) (a+2b)x*+2(a+b+c)x+(a+2c)=0

Here

A=a+2b,B=2(a+b+c) ,C=a+2c

Disc= B*—4AC
=[2(a+b+c)]?—4(a + 2b)(a+2c)
=4(a+b+c) —4(a’ +2ac+2ab+4bc)

- 4(a2 +b?+c?+2ab+2bc+ an)
—4(a2 +2ac+2ab+ 4bc)

=4(a’ +b*+c* +2ab+2bc+2ca
—a®—2ac—2ab—4bc)
= 4(b* +¢” —2bc)
=4(b—c)’
=[2(b-¢)] >0
Since disc is perfect square roots are
rational.

Q.9  For all values of k, prove that the
roots of the equation.

xz—z(k+%jx+3:0,k¢0 are real.

Proof:
Here

(A.B + U.B)

a=1 b=—2(k+%j, c=3

Disciriminat = b> —4ac

:[—2(k+%ﬂ2 _4(1)(3)

2
=4 k+l) -12
k

=4 k2+%+2j—12

>0
As disc. > 0, roots are real.
Q.10 Show that the roots of the equation

(b—c)x2+(c—a)x+(a—b)=0

arereal. (A.B + U.B + K.B)

Proof:
(b—c)x2+(c—a)x+(a—b)=0
Here A=b-c,B=c-a,C=a-b
Disc = B*—4AC
=(c—a)2—4(b—c)(a—b)
=c’—2ac+a’ —4(ab—b’ —ac+hc)
=c”—2ac+a’ —4ab+4b* +4ac—4bc
=c’+a’ +4b” +2ac—4ab—4bc
= (c) +(a)’ +(20)" +2(c)(a) +2(a)(-2b) + 2(~20)(c)
a2+b2+cz+2ab+2bc+20a=(a+b+c)2
:(c+a—2b)2 >0
Hence roots are real.

Derivation of Cube Roots of Unit

(A.B + K.B)
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Let x= Q/I
Taking cube on both sides
x> =1
x*-1=0
(x)'~ (1) =0
(x— (x +x+1):
(x=1)(x* +x+1)=0
Either
X—1=0 or X*+Xx+1=0
x=1
Here a=1b=1c=1
_ —b++b?—-4ac
2a
-1+ () - 4@
X =
2(1)
_1+\1-4
2
_ —1i\/3 _ —1i\/§l \/_—1:|
2 2
Either
1443 - —1-+/3i
2 2
= = w*

.. Cube root of unity are 1, o, ®*
Notel (K.B)
We can write anyone complex cube root as
o (Omega), then other will be o°.

Properties of Cube Root of Unit

Q) Proving that each complex cube
root of unity is the square of other.

S R

2 2

and [_1_\/3]2 = ~1++-3

2 2

(LHR 2014, GRW 2017, FSD 2016, 17,
SGD 2015, 16, BWP 2017, MTN 2017)

(K.B + U.B + A.B)
Proof:

We have to prove

) £—1+\/§2 1-J=3

2 2
Consider

(—1+«/§ ’

(i (—1—\/3]2 1443

2 2

Now consider

%7

2

@ (V) —2(1)(B)
4

~ 1+(—3)+2\/§

- 4

1-3+2J-3

4

_—2+2J-3

4
22 3)

4
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_—1+\/3
2

Thus, each of the complex cube roots
of unity is the square of the other.

(i) Proving that product of three cube
root of unity is one.

ie. loow’ =1 (K.B + U.B)

Proof:

LH.S=1l0wo’

By putting the values
025225
=(1)x

2 2
(Y -(v3)
B 4
_1-(3)
4
_1+3
4
4
4
=1
=R.H.S
Proved
(iii)  Proving that sum of three cube
roots of unit is zero.
ie. 1+o+0* =0
(LHR 2016, GRW 2017, FSD 2015, 17,
SGD 2015, 16, BWP 2016, RWP 2015)
Proof:

LHS =1l+w+ao
(By putting values)

14 —1+\/§+—1—\/§
2 2

~ 2+(-1)+V-3-1-4-3

- 2

_2-1+4-3-1-4-3
2

Important Results

(i) l+o+0* =0

(K.B + U.B)

=1l+w=—0"

1+0° =-w
o+0’=-1
(i) low® =1
=o' =1
(i) lowo® =1

ww® =1

:>Ct)=—2 or w =—
(4] (4]

Complex cube roots are reciprocal
of each other.

o' =*w=1lo=w

Note:

(iv)
@ =00 =1.0* = &*
° :(af)z =(1)* =1 andsoon

g 11 1 1 1,

W e (0°)’.@ 1o o

Example 1: (Page # 25)
Evaluate: (—1+ \/3)8 +(—1—\/3)8 (A.B)
Solution:

(-4453) +(-1-453)

25 {5
2 2

— (200)8 +(2a)2 )8

— 28a)8 +28(016

=2° (a)e.a)2 + wlSa))

~256((') @ +(o") o)
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= 256((1)2 O+ (1)5 a)) co’=1
256((02 + a))
= 256(—1)
=—-256

Example 2: (Page # 25)

To Prove
X*—y® = (x—y)(x—wy)(x—a’y)

“l+o+0° =0

(A.B)

Proof:
R.H.S=(x-y)(Xx—oy)(Xx—a’Y)
= (X=Y)(X* — Xy - @*Xy + @’y")
=(X=Y)(X* = (0+ ")y +y°)
=(X=Y)(X* =(=Dxy+Y?) “l+o+w° =0
= (X=Y)(X* +xy+Y°)
=x’-y*=LH.S
| Exercise22 |
Q.1  Find the cube roots of-1,8,-27,64.

(LHR 2015) (K.B + A.B)
Solution:
Q) Finding cube roots of —1

Letx =31

Taking cube on both sides

x}=-1

x*+1=0
-a®+b® = (a+b)(@® —ab+b?)
(x+1)(x2 —x+1):0
Either
X+1=0->(i) orx* —x+1=0—> (ii)

Equation (i) =
x=-1
Equation (ii)=

(oD VD)2 -40)(@Q)
2(1)
_1+41-4
2
_ 1+/-3

2

Either

=1_\2/3 or x=1+\2/§
)
2 2

Cube roots of -1 are —1,—w, —@*

(ii)..

Finding cube roots of 8
(K.B + A.B)
Let x= §/§
Taking cube on both sides
x> =8
x*-8=0
x*—28=0

- a’—b®=(a—b)(a’*+ab+Db?)
(x=2)(x*+2x+4)=0
Either
x—2=0-—(i)or x*+2x+4=0— (ii)
Equation (i)=
X=2
Equation (ii)=
o —2+4/(2)° —4()(4)
2(1)

—2+4-16
2
—2+4/-12

2
2+2J-3
2

Either

X = Z[ﬂJ or x:Z[_l_ﬁ]
2

2

=2w =20°

..Cube roots of 8 are 2, 2w, 20°
(i)  Finding cube roots of -27

(SGD 2014) (K.B + A.B)

Let

X =3/-27

X2 +27=0
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-a®+b® =(a+b)(@® —ab+b?)
x*+3=0

(x+3)(x*=3x+9)=0

Either
Xx+3=0— (i) orx* —3x+9 =0 — (ii)
Equation (i)=

X=-3

Equation (ii)=

~(-3)=4(-3) ~4(1)(9)

" 2(1)
_3+.9-36
2
_3+4-27
==
_3+3/-3
2
{25
2
Either
X :—3[—_“@]0” :—3[—_1_\/§J
2 2
X=-3w X =—3@°

. Cube roots of 27 are -3, 3w, -3 w?
(iv)  Finding cube roots of 64.

(LHR 2015) (K.B + A.B)
Let
x=</64
Taking cube on both sides
X} =64
X} -64=0
XX —4°=0
»a’—b®=(a—b)(a*+ab+b?)
(x—4)(X* +4x+16)=0
Either
Xx—4=0—(i) orx’+4x+16=0— (ii)
Equation (i)=
X=4

Equation (ii)=

4 (4) -4(1)(29)
2()
. —4++/16-64

2
L —Ax-48

2
X_—4i4\/§
2

Xz{jEEQ
2

Either
X = 4(—_“2\/3} or Xx= 4(—_1_2\/§J

X=4w or X=4w?
. Cube roots of 64 are 4,4m,4w°

Q.2 Evaluate: (K.B + A.B)

(FSD 2017, BWP 2016, RWP 2015,
MTN 2014, 15, 17, D.G.K 2015, 17)

i (-0-o)

(i) (1-30-30°)
(i) (9+40+4w?)?
(iv) (2+2a)—2a)2)(3—3a)+3a)2)
(V) (—1+ \/3)6 +(—1—\/§)6
o 150

2

X =

(vii) @ +@* -5

(viii) o P+

Solution:

i) (-o-o)
(GRW 2014, 16, 17, FSD 2016, BWP 2017,
MTN 2017)

= [1—(a)+ a)z)}
[1-(-0]

(1+1)
= 27
=128

co+ot=-1
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(i) (1-30-30°)

= [1—3(a)+ o’ )]5
:[1—3(—1)]5 vo+ro =-1
=(1+ 3)5
=(4)°
=1024
(i) (O+40+40??
(GRW 2014, RWP 2017, FSD 2017, BWP 2016)

= [9+4(a)+a)2)]3
=[9+4(-1)7 o+t =—1
= (9-4)°
=(5)°
=125

(iv) (2+20-20")(3-30+30")

(SWL 2017)

=2(1+a)—a)2)3(1—a)+a)2)

= 6[(1+a))—w2][<1+a}2)—a)]

“l+o+0° =0

:6(—0)2—602)(—(0—60)

=6(—20" )(20)

=6(40°)

=240°

=24(1) co'=1

=24

(V) (—1+ \/3)6 +(—1—\/§)6
143 . -1-4-3
2 2
:(Za))6 +(2a)2 )6
:26606 +26a)12

=2 (0 +0P)

(viii)

37 ¥ _g

(LHR 2015, SWL 2016, MTN 2015,
D.G.K 2016, 17)

=w.0" +0*.0*° -5
=(a)+a)2).a)36 -5
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—0’+ - oo’ =1
v l+w+w° =0
Q.3  Prove that (K.B + U.B)
x3+y3=(x+y)(x+a)y)(x+a)2y)
(SGD 2015, BWP 2016)

Proof:
R.H.S

(x+y)(x+a)y)(x+a) y)
(x+Y)(X* + @’ Xy + oxy + &°y? )

2

= (x+y)| x + co +o xy+( )yz]-.- o’ =1

2

= (x+Yy)| x 1)xy+y } “lro+0® =0

2

)+
x+y)[x —xy+y’ |
=x+y°
=L.H.S
Proved

Q.4  Prove that x*+y*+z°-3xyz
:(x+y+z)(x+wy+w22)(x+a)2y+a)z)
(K.B + U.B)

Proof:
R.H.S

=(X+y+2)(X+oy+0’z)(x+o’y+wz
(x+y+2)(x+wy+o’z)(x+oy
=(X+Yy+2)(X* + @°Xy + OXZ + wXy + &°y’
+0°YZ+ X2+ 0'yz + 0°2%)
=(x+y+2)(X* + &’y + &°2% + &°Xy + Xy
+0°YZ + o'y + 0XZ + 0°X2)
=(x+y+2)(xX* +(1)y*+(1)2* +(0® + @) x
(x+y+2)(+(1)y y

v =1

+(a)2+a)4)yz+(a)+a)2)xz)

= (x+y+2)[ X4y + 22+ (<) xy + (o +0)yz+(-1)xz |
lto+’ =00 =0v.0 =0

:(x+y+z)(x2+y2+22—xy+(—1)yz—xz)

=(x+y+2)(X*+y* + 2" —xy-yz—-xz)

=x*+y*+2° - 3xyz

=L.H.S

Proved
Q.5 Prove that

(1+a))(l+a)z)(l+a)4)(1+a)8)....2n
(K.B + A.B + U.B)

Proof:
L.HS

=(1+ a))(1+ * )(l+ a)4)(l+ a)g)...Zn factors

2
o' =oxe’ =0,0° =o' x0° :a)zx(a)3) =0’ (1)=0’

= (1+ o)1+ @* )1+ )1+ &*)...2nfactors
=[1+ ®)1+ )1+ ).....n factors]

Il
1
[N
+
S
~—
—~
[
+
e
~—~—
L1

Relation between Roots and Co-efficient
CEYUELEALTELLL] (K.B + U.B)

Roots of standard quadratic equation

ax’+bx+c=0 are
—b++/b? —4ac and —b—+/b?-4ac
2

2a a
—b++/b% —4ac —b—+/b?-4ac
a a

Sum of roots
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5 —b++/b? —4ac +—b—\/b2 —4ac

2a 2a
_ —b++/b?—4ac +(-b)— b’ —4ac
B 2a
_—2b
T 2a
=S = b
a

Product of roots

p_ Lbﬂ/bz 4ac }( b—\/b2 4acJ

‘(a+b)(a-h)=a —b2

(\/b2 4ac)

(2a)’
b” - (b* - 4ac)
- 43’
_ b®-b*+4ac
4a°
dac
4a®
=P= ¢
a
Note (K.B + U.B)
Q) S _ b Coefficientof x
a  Coefficent of x*
(ii) _ ¢ Constant term

" a_ Coefficient of x?

(K.B + U.B)
A quadratic equation whose roots are given
can be obtained by using formula
x> —Sx+P=0 Or
X2 —(Sum of roots) X+ Product of roots = 0

Example 1: (Page # 26) (A.B)

Without solving, find the sum and
product of roots of the equation
3x* -5x+7=0

Solution:

3x?—5x+7=0

Here a=3,b=-5,c=7

Sum of roots =S :—g

|
ol

|
w| ol

Product of roots= P =

WI~ND IO w

Example 1: (Page # 27)
Find the value of h, if the sum of
roots is equal to 3-times the
product of roots of the equation:

3x* +(9-6h)x+5h=0.
Solution:
3x* +(9-6h)x+5h =0
Here a=3,b=9-6h,c=5h
Let «,fbe the roots of given
equation

(A.B)

Then a+,6’=—9=—9_6h _6h-9
a 3 3

c 5h
a, = — = —
p a 3
According to given condition
Sum of roots = 3(Product of roots)

a+ f=3af
6h—9 3(5hj
3 3
6h—9=15h
6h—-15h=9
—-9h=9
h=-1
| Exercise23 |
Q.1  Without solving, find the sum and
the product of the roots of the
following quadratic equations.
(i) x*—5x+3=0 (MTN2017) (A.B)
Here a=1,b=-5,c=3

And
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(i)

o | T

Sum of roots

|
|
ol
N

|
|
H ‘

Product of roots =

DO pplwo | o O

3x*+7x-11=0 (A.B)

(LHR 2017, SWL 2017, SGD 2016, D.G.K 2014)

(iii)

(iv)

Here
a=3 b=7 ¢c=-11
Sum of roots = —9
a
_ !
3
C
Product of roots = —
a
i
3
__u
3

px> —gx+r=0 (A.B)
(LHR 2014, GRW 2014, SWL 2016, MTN
2017, SGD 2016)

Here a=p,b=-q,c=r

Sum of roots = —g
_ (-9
p
_a
p
Product of roots = %
r

p
(a+b)x*—ax+b=0 (A.B)

(BWP 2014, 17)
Here

A=a+b,B=-a,C=b

v)

(vi)

Q.2
()

Sum of roots

a

+
Product of roots = %
b

+b

a
(1+m)x*+(m+n)x+n-1=0
Here
a=l+m, b=m+n,

b

=S =—=
a
_m+n

l+m

c=n-I

Sum of roots

Product of roots = P = ¢
a

_n-l
l+m
7x*—=5mx+9n=0
Here
a=7,b=-5m,c=9n
b

a
-5m

7

(A.B)

Sum of roots

~|g

Product of roots = ¢
a
9_n
7

Find the value of k, if
Sum of the roots of the equation

2kx* —3x+4k =0 is twice the
product of the roots. (A.B)

Solution:

Let &, 3 be the roots of equation

2kx* —3x+4k =0
Here
a=2k, b=-3 c=4k
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S:a+ﬂ:—9

2k
=2
According to given condition
S=2P

=2x2
4

3
2k
3

k 1
x1=4x2k

2
3 p—1
3=8k
3k
8
k=3
8
(i)  Sum of the roots of the equation
x2+(3k—7)x+5k:0is%times the

product of the roots. (A.B)
Solution:

X’ +(B3k-7)x+5k=0
Here, a=1 b=3k -7, c=5k

Sum of roots =S = _—b

a
3k-7
1
=-3k+7
Product of roots =P = g
_ 5
1
=5k
According to given condition:
S = §P
2

3k+7 =g(5k)

2(-3k +7)=3(5k)
6k + 14 = 15k

14 = 15k + 6k

14 = 21k

Or =
Q.3 FindKk,
Q) If sum of squares of the roots of
the equation 4kx* +3kx—8=0is 2.
Solution (FSD 2015) (A.B)
4kx* +3kx—8=0
Herea=4k, b =3k, c=—
Leta, B be the roots

Sumofroots=a + 3 = _g

3k
4k
3
= +R=—-——
o+ 1
Product of roots = aff = g
-8
4k
-2
=af=—
b k
According to given condition
o’ +p? =

(a+B)’ —208=2

Putting the values

2
3
4 k
9 4
16 k
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w
N |
© 5o

[op}

NH'_\ |_\IN

x bMx XA X~ XD

23
Sum of the squares of the roots of
the equation x* —2kx+(2k +1)=0

is 6. (A.B)
Solution:

Here

a=1b=-2k,c=2k+1

Let, «,f be the roots of given

equation,

Then

(i)

Sum of roots =a+ﬁ:_§

_ _(ﬂ)
1
=2k
Product of roots = aff = %
2k +1

1
=2k +1
According to given condition

a’+ =6

or  (a+p) -2a8=6
Putting the values

(2k)* —2(2k+1)=6

4k? -4k -2-6=0

4k* -4k -8=0
4(k*—k-2)=0

Q.4
(i)

Or k?-k-2=0
k?—2k+k-2=0
k(k-2)+1(k-2)=0
(k-=2)(k+1)=0
Either
k—-2=0 or
k+1=0
k=-1
Result
k=2,-1
Find p, if
The roots of the equation
x* —x+ p® =0 differ by unity.

(FSD 2015) (A.B)

Let «, # Dbe the roots of given equation.
2

k=2

Here a=1 b=-1 c=p
Then a+,8=—9
a
__(—_1j
1
=1
_
af =3
p2
1
:p2

According to given condition
a-p=1
Taking square on both sides
(a-p) =1
"+ (a+b)* —(a—b)* =4ab
(a+pB) —dap=1
Putting the values
(1) -4p® =1
1-4p* =1
1-1=4p?
0=4p°
Or
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p>=0 Let «, 8 be the roots of given
By taking square root equation
FF)QtjsSIt: Thensumofroots=a + = —g
p=0 _
(i) The roots of the equation R
x® +3x+P—2=0 differ by 2. Satf=7-(i)
Solution: (A.B) c
X*+3x+P-2=0 Product of roots = aff = -
Here a=1,b=3,c=P-2 gm 5
Let roots of given equation are «, 5 1
Then sum of roots :oc+ﬁ=-E = aff =3m-5—(ii)
3 a According to given condition
=71 Ba+2=4 — (iii)
=Sa+f=-3 Multiply equation (i) by ‘2’

20+ 2B =14 —> (iv)

C
Product of roots = af =— Sub. Equation (iii) & (iv)

P-2 3a+2p=4
1 2a+24=14
According to given condition o =_-10
a-p=2 Put in equation (i)
Taking square of both sides a+p=7
(a—p) =4 -10+p=7
(a+ B —4af =4 p=7+10
Putting the values _ p=17 _ o
(3°-4(P-2)=4 Putting the values of o and B in equation (ii)
9-4P+8=4 off =3m->5
9+8-4=4P -10(17)=3m-5
13=4P —-170 +5=3m
-165
Or P= 13 —=
4 3
) 13 Or m=-55
Result: P = " Result:
. : =-55
Q5 Findm,if .. m .
(i) The roots of the equation (i) The roots of the equation

X2 —7x+3m-5=0 satisfy the X’ +7x+3m-5=0 satisfy the

relation 3o+2p =4 (A.B) relation 3o —2f5=4 (A-B)
Let «,f be the roots of given

Solution: :
x> —=7x+3m-5=0 equation
Here a=1b=-7,c=3m-5 Here
T a=1 b=7, c=3m-5
Then
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(iii)

a+,B:—E
a

=T

1
a+p=-T1—>(i)
afp _c

a
~3m-5
1
aff =3m—-5——(ii)
Also given
3a -2 =4——iii)
Multiply equation (i) by 2
200+ 2 =—-14——(iv)
Adding equation (iii) and (iv)
3a-2p=4

20+ 2 =-14
5 =-10
10
oa=——
5
S>a=-2
Put in equation (i)
a+ =1
-2+ p=-7
p=—T+2
p=-5

Now putting the values in equation (ii)
aff =3m-5
—2(-5)=3m-5
10+5=3m
15=3m
15
—=m
3
5=m
Result:
m=>5
3x* —2x+7m+2=0 (A.B)
Here a=3,b=-2,c=7m+2

Let «, f be the roots of given equation

Thensumofroots=a + = _g
2
3
2 )
=a+p= — ()
Product of roots = aff = g
Tm+2 ..
= 3 —>(ii)

Also given

To—3B =18——(iii)
Multiply equation (i) by ‘3’
30+3p=2——(iv)

Adding equation (iii) and (iv)
Ta-35=18

3a+3=2

10 =20

=>a=2

Put in equation (i)

Now putting the values of o and 3 in
equation (ii)

2(—_4):7m+2
3 3

—8=Tm+2
-8-2=7m
-10=7m
-10
—=m
7
Result:
-10
m=——
7
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Q.6

(i)

(i)

Find m, if sum and product of the
roots of the following equations is
equal to a given number 4.

(A.B)

(2m+3)x* +(7m-5)x+(3m-10)=0
Here

a=2m+3,b=7m-5andc=3m-10

Let «, 8 Dbe the roots of given equation,

Then a+p = b
a
_Im-5
2m+3
~5-7m
2m+3
c
And of )
_3m-10
2m+3
According to given condition
a+p=A=af

(By using transitive property)
=a+pf=af
Putting the values

5-7m 3m-10
2m+3  2m+3
Or

5-7m=3m-10

(By using cancellation property)
—/m-3m=-10-5

—-10m=-15
-15
m=——
-10
3
=>m=—
2
Result: m= §
2
4x* —(3+45m)x—(9m-17)=0
(A.B)
Here

a=4b=-(3+5m),c=—(9Im-17)
Let o, 5 be the roots

Thena+f=——
_ —(3+5m)
4
_3+5m
4
And  ap=S
a
_ —(9m-17)
4

According to given condition:
a+p=2A and of=A
= a+B=ap
- Transitive property of equality
Putting the values
3+5m —(9m-17)
4 4

= 3+5m=-9m + 17
5m+9m=17-3
14m =14

= m=1
Result: m=1

Symmetric Function of the Roots of
Quadratic Equation (K.B + U.B)

(MTN 2014, FSD 2014)
A function in which the roots involved are
such that the value of the expression remains
same, when roots are interchanged is called

symmetric function. ie. f(a,f)=f (8 a)

Some symmetric functions are:

a’+pr, o’ + B, 1+l
o

B
Example: (Page # 30)

Verify that

a® + B +2af is Symmetric
Verification:

Let f(a,B)=a’+pB"+2aB—(i)

2

f(B,a)=(B) +(a) +2pa
=p*+a’ +2ap
=a’+ B +2ap — (i)

(K.B + U.B)

www.OnlineMathAcademe.com 56



Unit-2 Theory of Quadratic Equations

Bashir Ahmad Mubashar M.Phil, M.Ed

From equation (i) and (ii) we get
f(ap)=1(Ba)
Hence o’ + % +2af3 is symmetric
(A.B + U.B)
Find the value of o® + ° +3ap, if
a =2, f=1. Also find the value of
A+ +3ap if a=1 p=2.
Solution:
When a=2, =1
a’+ B +3aB =(2°+1)*+3(2)1)
=8+1+6=15
When a =1, f=2
a’+ B +3a8 =1)°+(2°+31)(2)
=1+8+6=15

Expression o’ + % +3af

represents a symmetric function.
Q.1 If a, B are roots of the equation
x* +px+q =0, then evaluate
() of + 2
(i)  o’B+ap’
iy 248
B a

Q) Solution:
X +px+q=0
Herea=1, b=p, c=q
Roots of given equation are «, 5
Then

a+B:_9
a

(A.B + U.B)

=q
(i) Now o +B* =((X+B)2 —20f

@’ +p* =(-p)" -2(q)

=p*-2g
(i) o’B+ap’= op(a®+p?) (A.B)
= ap[ (a+B)* 208 |
= q[ (-p)’ - 2(q) |
= a’B+of’ =q(p*-2q)
a o’ +p°
p af
(LHR 2015) (K.B + U.B)
_ (a+B)’—20p
= B
)i C)]
q
Lo, B_p-2q
B a q
Q.2 If a, B are the roots of the equation

4x* —-5x+6=0, then find the value of
1 1

(iii)

i
a

(i _+E (K.B + A.B)
o

(i) o’p? (A.B + U.B)

1 1

(iii) a_2[3+a_[32 (U.B + A.B)

(iv) a_2+ﬁ (K.B + U.B)
B«

(LHR 2016, GRW 2014, SWL 2016, MTN
216, SGD 2015, D.G.K 2014)

Solution:
4% -5X+6=0
Here a=4,b=-5,c=6
Since a, B be the roots of the given

equation
Then
a+ﬂ=—9
a
__(=9)
4
_>
4
af _c
a
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(i)

(i)

(iii)

(iv)

N
+
e

nlon %

[
N w
;/N

X

{oN NN

Mool 7

1 1 5
+

B aft 9
a B _+p

p afp

=

Q.3

(0{+,6’)3 —3aﬁ(a +ﬂ)
of

Putting the values

()

~125-360
64
-235 2
= — X —
64 3
2 2
o B2
f « 96
If a, B are the roots of the equation
Ix*+mx+n=0 (1=0), then find
the values of
Q) o’p®+a’p®  (A.B + U.B)

iy 41 (K.B + U.B)
o P

2
X_
3

Solution:

IX* +mx+n=0
Roots of given equation are o, 5

Then a+[3=—9: _m
a I
_C
OCB— g
_n
o
Now a’B? + o’p* = a’p* (a+B)
= (o) (a+P)
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(i)

1 1 p*+a
@B o

(FSD 2017, SWL 2017, BWP 2014, D.G.K 2017)

_ a2+l~))2
(B)’
(a+[3)2 —2a
(aB)’

SIEG

Q.1 Write the quadratic equations
having following roots.
(a) 1,5 (K.B + A.B)
(b) 4,9 (K.B + A.B)
(© -2,3 (K.B + A.B)
(d 0,-3 (K.B + A.B)
(e) 2,6 (K.B + A.B)
) -1,-7 (K.B + A.B)
(9) 1+i,1-i (K.B + A.B)
(h)  3++/2,3-4/2(K.B + A.B)
Solution:
(@) Roots of required equation are 1, 5
Thensumofroots=S=1+5=6
And productof roots=P=1x5=5
.. Required quadratic equation is:
x> —Sx+P=0
X —6x+5=0
(b) (FSD 2016, 17, RWP 2017, RWP 2017)

Roots of required equation are 4, 9
Then sum of roots=S=4+9=13
And productofroots = P =4x9 =36

(©)

(d)

(€)

()

(9)

.. Required quadratic equation is:
x* —Sx+P=0
x*—13x+36=0

(LHR 2014, 16, GRW 2016, 17, SGD
2017, D.G.K 2017)

Roots of required equation are -2, 3
Thensumofroots=S=-2+3=1
And productofroots = P = -2(3) = -6
.. Required quadratic equation is:
X*—Sx+P=0
x> —1x+(-6)=0

X*—x-6=0

(K.B + A.B)

(SGD 2014, BWP 2017)
Roots of required equation are 0, -3
Thensum of roots =S =0+ (-3) =-3
And product of roots =P =0(-3) =0
.. Required quadratic equation is:
x> —Sx+P=0
x> —(-3)x+0=0
x*+3x=0

(LHR 2014, 16, GRW 2016, 17, SGD
2017, D.G.K 2017)

Roots of required equation are 2, —6

Sumofroots=S=2+(-6)=-4

Product of roots = P = 2(-6) =12

..Required quadratic equation is:

X* —Sx+P =2

x> —(—4)x+(-12)=0

x* +4x-12=0 (K.B + A.B)
(LHR 2015, 17, RWP 2016)

Roots of required equation are -1, —7

Sumofroots=S=-1+(-7) =-8

Product of roots =P =-1(-7) =7

.. Required quadratic equation is:

x*—Sx+P=0

x> —(-8)x+7=0

X +8x+7=0

(D.G.K 2014, SGD 2017)

1+i,1-i (K.B + A.B)

Roots of the required equation are

1+i, 1-i

Sum of roots =S =(1+i)+(1-1)

=1+i+1-1I

(K.B + A.B)

(K.B + A.B)
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=2
Product of roots = P =(1+i)(1-i)
2 -\2
=1 -(0)
=1-i°
~1-(-1)
=1+1
=2
Required quadratic equation is
x*—Sx+P=0
X2 —2x+2=0
(h) Roots of required equation are
3++/2,3-42 (K.B + A.B)
Sum of roots = (3+J§)+(3—J§)
=3+2+3-2
=6
Product of roots = (3+\/§)(3—\/§)
2
= 57 -(2)
=9-2
=7
.. Required quadratic equation is
x> —Sx+P=0
X*—6x+7=0
Q.2 Ifa,pare the roots of the equation
x? —3x+6 = 0. Form equations whose
roots are
(@) 200+1, 2B +1
(b) o’ p
11
(C) RS
a p
@ <P
B a
1
(e) +B’ —+—=
p
Solution: (K.B + A.B)
x*—3x+6=0

Here a=1,b=-3,c=6
Roots of given equations are «, 8

Theno + = b
a
-3
1
=3
OCB = E
a
_§
1
(a) Roots of required equation are
200+1, 2B +1
(FSD 2015) (K.B + A.B)
Sum of roots =S = (2a+1)(2p+1)
= 20+1+2B+1
= 20+2B+2
= 2(a+pB)+2
=2(3) +2
=6+2
=8
Product of roots = P =(2a+1)(2B+1)
= 4oB+20+2B+1
=4(6)+6+1
=24+7=31
.. Required quadratic equation is:
x* —Sx+P=0
x> —8x+31=0
(b)  Roots of required equation are o2, p?
Sum of roots = S = o + B2
= 01+B)2—2aB
= (3)*-2(6)
=9-12

=3 (K.B + A.B)
Product of roots = P = a*p?

= (ap)’
= (6)?
=36
.. Required quadratic equation is:
X*—Sx+P=0
x> —(-3)x+36=0

x?+3x+36=0
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(©)

(d)

Roots of required equation are l%
o

(K.B + A.B)

Sum of roots =S = l+l
o

_ B+a

ap

a+p

=]
=

N~ O|w

| =
= |

Product of roots =P = —.

mll_\'c%|'_‘9

.. Required quadratic equation is:
x*—Sx+P=0
1 1

X*—=x+==0
2 6

Multiply by ‘6’
6x* —3x+1=0

Roots of required equation are

Or

(€)

p_2. b

p
=P=1
Required quadratic equation is
X*—Sx+p=0

x> —(—ljx+1=0
2

X2 +%x+1: 0 (Multiplying by 2)

2x°+x+2=0
Roots of required equation,

aip Ll (K.B + A.B)
a p

Sz{a+ﬂﬁ{é+%}

(2

=<“+ﬂ)+(a;ﬂﬁj

18+3

:3+§:
6

p_3

2
Required equation is
X’ —Sx+P=0
x—Lx+32 0

2 2
Multiplying by (2)
2x>-7x+3=0
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Q.3 If a, B are the roots of the equation
x* +px+q =0 form equations whose

roots are:
(a) o’,B’ (FSD 2015)
a B
b =, =
(b) 5o
Solution:
X*+ px+q=0
Here
a=1lb=p,c=q
Roots of given equation are «, 5
Then a+ﬁ:—g:p
ap=Co
a
(@)  Roots of required equation are o’,p?
(K.B + A.B)
Sum of roots = S = o +p*
= ((1+B)2 —2ap
=(-P) -2q
=p®-29
Product of roots = P = o’B’
= (oB)’
= (9)*
= q2
..Required quadratic equation is
X*—Sx+P=0
X*—(p®-2q)x+q*=0
(b) Roots of required equation are %,E
o
(K.B + A.B)
Sum of roots = S = E+E
o
_a’+p’
op
_Pp°-2q
q
Product of roots = P = E.E
B a
=1

.. Required quadratic equation is:
x> -Sx+P=0

2 —

=X - P-2q X+1=0
q

Multiply by ‘q’
ox’ —(p®—29)x+q=0
Synthetic Division (K.B)
It is the process of finding the quotient and
remainder, when a polynomial is divided by
a linear polynomial.

It is a short cut of long division.

(a.8)
Use synthetic division, divide the
polynomial P(x)=>5x"+x’-3x by
X—2.

Solution:

P(x)=5x"+x*+0x*—3x+0
Here x—a=x-2=x=2
5 1 0 -3 0
2 ‘ ! 10 22 44 82
|5 11 22 41 [82
~.Q(x) =5x°+11x* + 22x + 41
R =82

Example 3: (Page # 36) (A-B)
Using synthetic division, find the
value of h. If the zero of polynomial
p(x)=3x*+4x—7h is 1.

Solution:
p(x)=3x*+4x—7h and its zero is 1.
Then by the synthetic division.

3 4 -7h
1 3 7
E 7 T7-7h

Remainder=7-7h
Since 1 is the zero of the polynomial,
therefore,
Remainder =0, that is
7-7h=0
7=7h

= h=1

Example 4: (Page # 36) (A.B)

Using synthetic division, find the
values of | and m, if x—1 and x+1
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are the factors of the polynomial
P(x)=x>+3Ix*+mx—1

Solution:
Since x—1 and x+1 are the factors
of P(x)=x’+3Ix*+mx—1
Therefore, 1 and —1 are zeros of
polynomial P(x).

Now by synthetic division
1 ‘ 1 3l m -1
\’ -1 -3l +1 3+m+1
|1 -1 3+m+1 | 3l+m

Since 1 is the zero of polynomial,
therefore, remainder is zero, that is,

A+m=0 —(i)
And
- |1 3l m -1
1 ‘i -1 -3l+1 3l-m-1
|1 3-1  3l+m+1 | 3-m-2

Since 1 is the zero of polynomial,
therefore, remainder is zero, that is,
A-m-2=0 —(ii)

Adding equations (i) and (ii), we get

6l-2=0
6l=2 = I=z=1
6 3
Put the value of | in equation (i)
3(1j+m:0 or
3
1+m=0 = m=-1
Thus I=% and m=-1
Example 6: (Page # 38) (A.B)

By synthetic division, solve the
equation  x*—49x*+36x+252=0
having roots —2 and 6.
Solution:
Since —2 and 6 are the roots of the given
equation x* —49x* +36x+252=0.
Then by synthetic division, we get
1 0 -49 36 252
2|4 =2 4 90 252
1 -2 -45 126 0
6 6 24 126
1 4 21| 0

The depressed equation is
X*+4x—-21=0
X*+7x—3x-21=0
X(x+7)-3(x+7)=0
(x+7)(x-3)=0
Either x+7=0 or x—3=0

X=—7 or Xx=3

Thus —2,6—7 and 3 are the roots of
the given equation.

Q.1  Use synthetic division to find the
guotient and the remainder, when

(i) (¥+7x=1)+(x+1)
(i) (4x°-5x+15)+(x+3)
(i) (X +x*-3x+2)+(x-2)
Solution:
(i) P(x)=x*+7x-1
(FSD 2016, 17) (A.B)

1 7 -1
-1 ‘ { -1 -6
1 6 |7
~Q(X)=x+6
R=-7

(i)  P(x)=4x’-5x+15 (A.B)
(SWL 2016, SGD 2017, MTN 2016)
= 4x® +0x? —5x+15

‘ 4 0 5 15
30 12 36 -93
\ 4 12 31 |-78
. Q(x)=4x*-12x+31
=78

(i)  P(x)=x*+x*-3x+2 (A.B)
(GRW 2017, FSD 2015, MTN 2017, D.G.K 2015)
1 1 -3 2
2 6 6
\ 1 3 3 I8
2
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Q.2  Find the value of h using synthetic

division, if (A.B)

Q) 3 is the zero of the
polynomial 2x* —3hx*+9

(i) 1 is the zero of the
polynomial x*—2hx* +11

(iii)) -1 is the zero of the
polynomial 2x* +5hx —23

Solution:
(i) P(x)=2x"-3hx*+9
(SWL 2014) (A.B)
= 2x°® —3hx* +0x+9
2 -3h 0 9
3 3 6 -9h+18 -27+54
| 2 -3n+6 -9h+18 [-27h+63

Since 3 is the zero of given polynomial,
R=0
= —27h+63=0

—27h = -63
) - 63
27
= h= !
3
(i)  P(x)=x’-2hx*+11 (A.B)
= x> —2hx* +0x+11
1 —2h 0 11
1[4 1 —2h+1 —2h+1
1 2h+1 2h+l —2h +12

Since 1 is zero of given polynomial, R =0
= —2h+12=0

—2h=-12
e 12
-2
h=6
Result:
h=6
(iii) P(x)=2x3+5hx—23 (A.B)
= 2x% +0x? +5hx—23
2 0 5h -23
-1 -2 2 —5h-2

1 —2h+1 -2h+1 |-5h-25
Since 1 is zero of given polynomial, R =0
=-5h-25=0
—5h=25
he 2 _
5

-5

Result:

h=-5
Q.3  Use synthetic division to find the

values of | and m, if (A.B)

Q) (x + 3) and (x — 2) are the
factors of the polynomial
XX +4x*+2l+m

@i (x—-1) and (x + 1) are the
factors of the polynomial
x> —3Ix* +2mx + 6

Solution:
(i) P(x)=x’+4x*+2Ix+m  (A.B)
1 4 2l m
3|4 -3 -3 -61-9
1 1 21-3 |-6l+m+9
21 2 6
1 3 21 +3
Since x — 2 is a factor, R=0
= 21+3=0
2l=-3
-3
= = —
2
Also x+3 isafactor, R=0
= —-6l+m+9=0
—6(_—3j+m+9=0 ol =_—3
2 2
9+m+9=0
m+18=0
= m=-18
Result
| =_—3, m=-18
2
(i)  P(x)=x’-3Ix*+2mx+6 (A.B)
1 =3l 2m 6
104 1 _3l+1 ~3l+2m+1
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1 =3l+1 -3l+2m+1 |-3l+2m+7
11 1 3l
1 -3 [2m+1
Since x+1isafactor, R=0
= 2m+1=0
2m=-1
-1
= = —
2
Also x—1isafactor, R=0
=3+2m+7=0
=3l +2(—£j+7:0 o m :—1
2 2
3l-1+7=0
-3l+6=0
-3l=-6
= 1=2
Result
=2, m= e
2
Q.4 Solve by using synthetic division, if
Q) 2 is the root of the equation
x> —28x+48=0
(i) 3 is the root of the equation
2x3 —3x* —11x+6=0
(iii) -1 is the root of the equation
4x° —x* -11x-6=0
Solution:
(i) P(x)=x’-28x+48 (A.B)
= x> +0x*—28x+48
‘ 1 0 -28 48
2[4 2 4 48
1 2 24 |0
.. Depressed equation is:
X*+2Xx—-24=0
X* +6X—4x—-24=0
X(x+6)—4(x+6)=0
(x+6)(x—-4)=0
Either
X+6=0 or Xx—4=0
X=-6 x=4

(i)

(iii)

Q.5

Thus 2, 4 and —6 are the roots of the
given equation.

. Solution Set ={2,4,—6}
P(x) = 2x3—3x? - 11x + 6
2 -3 -11 6

3 ‘ 5 4 9 -6

2 3 -2 |0
.. Depressed equation is:
2x* +3x—2=0
2x° +4x—x—-2=0
2x(x+2)-1(x+2)=0
(x+2)(2x-1)=0
Either

Xx+2=0 Or
X=-2

(A.B)

2x-1=0
2x=1
1
2

. 1
..Solution Set= {3, -2, E}

X =

P(x)=4x’-x’-11x-6  (A.B)
4 -1 -11 —6
—1‘¢ —4 5 6
4 5 -6 0
..Depressed equation is
4x* —5x—6=0
4x* —8x+3x—6=0
4x(x—2)+3(x-2)=0
(x—2)(4x+3)=0
Either
Xx—-2=0 or
X=2

4x+3=0
4x =-3
3

X=—=
4

Thus -1,2, —%are the roots of the
given equation.
-.Solution Set= {—1, 2,_2}

Solve by using synthetic division, if
Q) 1 and 3 are the roots of the
equation x* —10x*+9=0

www.OnlineMathAcademe.com 65



Unit-2 Theory of Quadratic Equations

Bashir Ahmad Mubashar M.Phil, M.Ed

(i) 3 and —4 are the roots of the
equation
x* +2x® —13x* —14x+24=0
Solution: (A.B)
(i) P(x)=x"+0x>-10x* +0x+9

. 1 0 10 © 9
1 1 9 9
3 1 1 9 9 [0
3 12 9
1 4 3 0

..Depressed equation is
X*+4x+3=0

X? +3x+x+3=0
X(x+3)+1(x+3)=0
(x+3)(x+1)=0

Either
Xx+3=0 or X+1=0
X=-3 x=-1

~.Solution Set = {+3,+1}
(i)  P(x)=x"+2x°-13x* -14x+24

1 2 -13 ~14 24
311 3 15 6 —24
1 5 2 -8 0
41l 4 4 8
1 1 -2 0

.. Depressed equation is:
X*+2x—x-2=0
X(x+2)-1(x+2)=0
X(x+2)-1(x+2)=0
(x+2)(x-1)=0

Either
Xx+2=0 or x—=1=0
X=-2 x=1

Thus -2, —4, 1 and 3 are the roots of
the given equation.

-.Solution Set={-2,-4,1,3}

(K.B)

A system of equations having a common
solution is called a system of simultaneous
equations.

For example x+2y =3, 2x—-y=1
having same solution (1,1).

(K.B)
The set of all the ordered pairs (x,y), which

satisfies the system of equations is called the
solution set of the system.

(K-B)

An ordered pair of real numbers x and y is a
pair(x,y)in which elements are written in
specific order.
For example: (x,y)is an ordered pair in
which first elements (abscissa) is x and
second element (ordinate) is .

(K.B)
(x,y)#(x,y). For example (2,3) and

(3,2) are two different ordered pairs.

Example 1 (Page # 39)

Solve the system of equations

3x+y=4 and 3x*+y*=52.
Solution:

The given equations are

3x+y=4—(i)

3x? +y? =52 — (i)

(A.B)

From equation (i) y =4—3x — (iii)
Put value of y in equation (ii)
3x% +(4-3x)" =52

3x* +16—24x+9x* -52=0
12x* —24x—-36=0
12(x2—2x—3):0
x*=2x-3=0 -+12#0

By factorization

X —3x+x-3=0
x(x—3)+1(x-3)=0
(x=3)(x+1)=0

Either
Xx—3=0 or X+1=0
X=3 or x=-1
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Put the values of x is equation (iii)

When x=3 when x=-1
y=4-3X y=4-3X
y=4-3(3) y=4-3(-1)
=4-9 =4+3
y=-5 y="7
ordered pairs are (3,-5) and
(-1.7)

Thus, the solution setis {(3,-5),(-17)}
(A-B)
Solve the equations
x?+y?+2x=8 and (x—1)" +(y+1)" =8
Solution:
The given equation are
x> +y?+2x=8->(i)
(x—l)2 +(y+l)2 =8 — (i)
From equation (ii), we get
X2 —2X+1+y*+2y+1=8
Or x> +y*—2x+2y =6 — (iii)
Subtracting equation (iiii) from
equation (i) we have
4x—-2y=2 or
= y=2x-1
Put the value of y in equation (ii)
(x-1)" +(2x-1+1)" =8
X* —2X+1+4x*-8=0
5x*—2x—-7=0
5x* —7x+5x-7=0
x(5x—-7)+1(5x-7)=0
(5x—-7)(x+1)=0

2x—y=1

Either
5x-7=0 or Xx+1=0
5x=7 or x=-1
= X=—

5

Now putting the values of x in
equation (iv), we have

When x:% when x=-1

{3

Thus, the solution set is

e

Example 3 (Page # 41) (A.B)

Solve the equations

x> +y*=7 and 2x* +3y* =18
Solution:

Given equations are

X+y' =7 (i)

2x*+3y* =18 (i)

Multiply equation (i) with 3
3x*+3y* =21 (iii)
Subtracting equations (ii) from (iii)
=3 =  x=13

When x =+/3, then from equation (i)
X*+y>=7or

3+y' =7 = Yy =4 = y=+2
When x = —\/§, then y =42
Thus, the required solution set is

{(i\/i iZ)}.
(A.B)

Solve the equations

X2 +y*=20 (i)
6Xx*+xy—y*=0 (i)

The equation (ii) can be written as
y? —xy—6x°=0

~(=X)£J(~x)" ~ 4x1x(-6x")
2x1

_ X+ /X% + 24x° _ X ++/25%?
2 2

_ X£5X
2

= y=

www.OnlineMathAcademe.com 67



Unit-2 Theory of Quadratic Equations

Bashir Ahmad Mubashar M.Phil, M.Ed

X+9X _ 6Xx _
2

—2X

We have y = 3X

X—=5x _—4X _
2 2
Substituting y =3x in the equation (i), we get

x? +(3x)2 =20

x* +9x* =20

=10x* =20

=X =4=x=1/2

When x:ﬁ,y:3(«/§):3\/§ and
when x=—-/2, y:3(—ﬁ)=—3ﬁ

Substituting y =—2x in the equation (i), we have
X2 +(=2x)" =20 or x*+4x>=20
=5x*=20=>Xx"=4 = x=142
When x=2 =y=-2(2)=-4
when x=-2 =y=-2(-2)=4
Thus, the solution is

[(V2.32),(~2.-32).(2.-4).(-2.4)}.
(A.B)
Solve the equations
x*+y*>=40 and 3x*—2xy—y*=80
Solution:
Given equations are

X’ +y? =40 — (i)
3x? —2xy — y* =80 — (ii)

Ory=

Multiplying equation (i) by 2, we have
2% +2y? =80 — (iii)

Subtracting the equation (iii) from
equation (ii), we get

x* —2xy —3y* =0 —(iv)

The equation (iv) can be written as
x? —3xy +xy—3y* =0
x(x—-3y)+y(x—3y)=0
(x=3y)(x+y)=0

Either x—3y or x+y=0
—x=3y > (V) or X=-y — (Vi)
Put in equation (i),

Equation (i)= (3y)2 +y® =40

10y* =40
y* =4
y==2
y=2 y=-2
eq.(v) =
x=3(2) x=3(-2)
X=6 X=-6
Equation (i)= (—y)2 +y> =40
2y* =40
y?> =20
y=+25
y=25 y=-2\5
eq.(vi) =
x:—(2\/§) x:—(—2x/§)
x:—2J§ =2\/§

.. The solution set is

{(6,2),(-6,-2),(245, 246 ) (~2v5, 245}

Solve the following simultaneous equations.
Ql x+y=5 (A.B)
x*—2y-14=0
Solution:
X+y=5-(i)

x? =2y —14=0— (ii)
From equation (i)

y =5-x— (iii)

Put in equation (ii)

X —2y-14=0
x*—2(5-x)-14=0
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X+6=0 or

=

x> -10+2x-14=0

X>+2x—24=0

x> +6Xx—4x—24=0

X(x+6)—4(x+6)=0

(x+6)(x-4)=0

Either

X—4=0

X=-6 X=4

Put in equation (iii)

y=5-x y=5-
=5_(-6) =
=5+6 =
=11

~.Solution Set = {(-6,11),(4,1)}

Q.2

3x—-2y=1 (A.B)

X2 +xy—y?=1

Solution:

3x—-2y=1-(i)

and X +xy — y* =1— (i)
From equation (i)
3x-2y=1

3x=2y+1
x=—2y3+1—>(iii)

Now put in equation (ii)
X +xy—y*=1

= y(y+8)-1(y+8)=0
(y+8)(y-1)=0

Either
y+8=0 or y-1=0
y=-8 y=1

Putting values in equation (iii)
When y=-8
o 1+2y
3
o 1+2(-8)
3
1-16
X =

3
_-15
BE

X=-5
When y=1

x=1
~.Solution Set = {(-5,-8),(11)}

2
(1+2yj +(1+2yjy—y2 1 Q3 x-y=7 (A.B)
3 3 2 5
=2
1+4y+4y* y+2y* Xy
+ -y =1 .
9 3 Solution:
Multiplying both sides by LCM x—y=7-(i)
W
°oet 2.2 55 (i)
1+4y+4y® +3(y+2y”)-9y* =9 Xy
1+4y+4y* +3y+6y*—9y*-9=0 Fzrorr;equatlon (ii)
2 _g= =2
y°+7y—-8=0 Xy
y*+8y—-y-8=0 Multiple by xy
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2y —5X =2xy

2y —5x—-2xy =0

2y —2xy —5x =0 — (iii)

From equation (i)

x=7+y—(iv)

Put in equation (iii)

2y—-2(7+y)(y)-5(7+y)=0

2y—14y—2y*-5y—-35=0

—2y*-17y-35=0

—(2y2 +17y+35) =0

=2y*+17y+35=0

2y? +10y+7y+35=0
2y(y+5)+7(y+5)=0

(y+5)(2y+7)=0

Either

y+5=0 or
y=-5

Now put in equation (i)

when y=-5
x—(-5)=7

X+5=7

X=7-5

~.Solution Set = {(2_5)(%_77}

Q4 x+y=a-b
ab_,
Xy

Solution:
Xx+y=a-b—(i)
a_b i
Xy

From equation (ii)

Multiply by* xy’
ay —bx = 2xy——(iii)
From equation (i)
= X+y=a-b
y=a-b—x—(iv)
Put in equation (iii)
a(a—b—x)—bx=2x(a—b—x)
a® —ab—ax—bx = 2ax — 2bx — 2x*
2x> —ax—2ax—bx+2bx+a*—ab=0
2x* —3ax+bx+a*—ab=0
2x* —(3a—b)x+(a*~ab)=0
Here A=2,B=—(3a-b),C=a’-ab
Using quadratic formula

_ —B++/B?-4AC
= 2A
_[—(3a—b):|iJ[—(3a—b):|2 ~4(2)[a2-ab)
2(2)
3a—bi\/(3a—b)2 —8(a2 —ab)
B 4
_ 3a-b++/9a%—6ab+b? —8a® +8ab
- 4
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_ 3a-Dbx+a®+2ab+b?

4
_3a-b+.(a+b)
- 4
_3a-bx(a+b)
- 4
Either
3a-b+a+h 3a-h-a-b
X=———— or X=——
4 4
_ 4a _ 2a-2b
4 4
a-b
X=a X=——-
2
Put in equation (iv)
a-b
y=a-b-a y:a—b——2
2a—-2b—(a—b)
=_Dh =
y 2
y= a-b
2

. Solution Set = {(av_b)’(a;zb'%j}

Q5 X +(y-1)" =10 (A.B)
X +y* +4x=1
Solution:
X2 +(y—1)° =10 - (i)
X2 +y° +4x =1 (ii)
Equation (i) =
x> +y*-2y+1=10
X2 +y? =2y =9 — (iii)
Subtract equation (ii) and (iii)

X2+ y° +4x =1
X4y 72y=_9
4x+2y=-8
2(2x+y)=-8
2X+y=—-4

y=—4-2x—(iv)

Put in equation (ii)

X2 +(—4-2x)" +4x=1
X2 +[—(4+2x)] +4x=1
X2 +(4+2x)" +4x=1

X +16+16X+4x* +4x—-1=0
5x?+2x+15=0

5(x* +4x+3)=0
5%£0
x> +3x+x+3=0
X(x+3)+1(x+3)=0
(x+3)(x+1)=0

= x*+4x+3=0

Either
x+3=0 or x+1=0
x=-3 x=-1
Put in equation (iv)

=-4-2(-3) =-4-2(-1)
y=—4+6 y=—4+2
y=2 y=-2

. Solution Set= {(-3, 2),(-1 —2)}
Q.6 (x+1)2+(y+1)2 =5 (A.B)
(x+2)2+y2—5
Solution:
(x+1)2+(y+1)2 =5- (i)
(x+2)2+y2—5—>(ii)
From equation (i) =
X+ 2X+1+y +2y+1=5
X+ y>+2x+2y=3
X2+ Y% +2x+ 2y = 3 (iii)
(x+2)" +y*=5
X +4X+4+y* =5
x> +y?+4x=1- (iv)
Sub equation (iii) and (iv)
X2+ y?+2x+2y=-3
Xexy*Hax  =_1

—2X+2y=2
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—X+y=1

y=X+1-(V)
Put in equation (iv)

X2+ (x+1)" +4x =1

X2+ X2 +2x+1+4x-1
2x*+6x=0

2x(x+3)=0

Either

2x=0 or Xx+3=0

x=0 X=-3

Put in equation (v)

When x=0

y=1+0

y=1

When x=-3

y=1-3

y=-2

~.Solution Set ={(0,1),(-3,-2)}
X2 +2y° =22 (A.B)
5x° +y® =29

Solution:

X2 +2y? =22 — (i)

5x* +y* =29 — (ii)
Multiply equation (ii) by ‘2’
10x* +2y* = 58— (iii)
Subtract equation (i) and (iii)
10x? +2y? =58
_XPx2yP=_22

9x* =36
x> =4  (Div both sides by 9)
Taking square root on both sides
X=12
Put x? = 4 in equation (ii)
5(4) +y* =29
20 +y?>=29
y?=29-20
y’=9
Taking square root
y=413

. Solution Set = {(iz, 13)}

Q.8 4x*-5y*=6 (A.B)
3x*+y* =14
Solution:

4x* -5y* =6 (i)
3x% +y? =14 — (ii)
Multiply equation (ii) by 5
15x% + 5y = 70 — (iii)
Adding equation (i) and (iii)
4x* —5y° =6
15x* +5y* =70
19x* =76
, 16
19
x> =4
Taking square root
X==x2
Put x* =4in equation (ii)
3(4)+y* =14
y2=14-12
y? =2
Taking square root
y=+/2

.. Solution Set = {(iZ, iﬁ)}

Q9 7x*-3y*=4 (A.B)
2x° +5y* =7

Solution:
X =3y? =4 (i)
2x* +5y? =7 —(ii)
Multiply equation (i) by '5'
35x* —15y? = 20 — (ii)
Multiply equation (ii) by '3'
6x* +15y* =21 — (iv)
Add equation (iii) and (iv)
35x* -15y* =20
6x° +15y* =21
41x* =41
x* =1
On taking square root, we get

X
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x=%1

Put x*> =1 in equation (ii)
2x* +5y* =7

2(1)+5y* =7

2+5y* =7

5y* =5

On taking the square root, we get
y==%1

. Solution Set = {(J_rl, J_rl)}
Q.10 3x*-y*=3 (A.B)

X2 +4xy -5y =0
Solution:

32 —y* =3 (i)

X* +4xy -5y =0 — (ii)

Equation (ii) =

X? +4xy—5y* =0

X2 +5xy —xy—5y* =0

X(x+5y)—-y(x+5y)=0

(x+5y)(x-y)=0

Either
X+5y=0 or Xx—y=0

x =-5y — (iii) x=y—(iv)
Put x =-5y in equation (i)

X’ +2y*=3

(-5y)° +2y* =3

25y° +2y* =3

27y? =3

2

y:

Ol N
= 8w

y* =

On taking square root, we get
1

—+=
y 3

Putting in equation (iii)

When
y=1
3
X= —5(%
3
5
X=—=
3
1
When y=—=
y 3
s
3
5
X==
3
Put x =y in equation (i)
X2 +2y* =3
y>+2y* =3
3y?=3
y* =1
On taking square root, we get
y==%1
Put in equation (iv)
Wheny =1
x=1
When y=-1
x=-1
.. Solution Set
51)(5 1
= 111 ’ _11_1 s T A~ | AT A
{( M )(33M3 3]}
Q.11 3x*-y*=26 (A.B)
3x* —5xy—12y* =0
Solution:

3x* —y* =26 — (i)

3x? —5xy —12y* =0 — (ii)

Equation (ii) = 3x* —5xy—-12y* =0
3x* —9xy +4xy—12y* =0
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3x(x—3y)+4y(x—3y)=0
(x—3y)(3x+4y)=0
Either

x-3y=0-(a) or 3x+4y=0->(h)
Equation (a)=> x =3y —(iii)
Put in equation (i)

3(3y) —y* =26
3(9y*)-y* =26

27y* -y =26

26y? = 26

y'=1

= y=%1

Put in equation (iii)
Wheny=-1

X =3(-1)

X=-3

Wheny =1

x=3(1)

X=3

Equation (b)= 3x+4y =0
3x =4y

-4 .
X=— iv

3 YW
Put in equation (i)

-4 ¥
3 2y | —y2=26
(3@ Y

16 , 2
By )-v-a
16y -3y
— -
13y* =26x3
y'=6
=y=+/6
Put in equation (iv)
When y = -J6

- 2(-46)

3

26

3

Wheny =+/6

- 2(8)

X = 6
3
.. Solution Set

:{(—3,—1),(3’1)'(¥’ﬁJ’[ﬁ’%J}

Q.12 x*+xy=5 (A.B)
Yy +xy =3

Solution:
X +xy =5-(i)
y? +xy =3 (ii)
Multiply equation (i) by ‘3’ and
equation (ii) ‘5’
3x? +3xy =15 — (iii)
5y” +5xy =15 — (iv)
Subtraction equation (iii) and (iv)
3x? +3xy =15
5y +5xy =15
3x?—2xy -5y =0— (V)
Equation (v)
3x% —5xy +3xy —5y* =0
X(3x—5y)+y(3x—-5y)=0
(3x-5y)(x+y)=0
Either
3x-5y=0 or X+y=0
x:%y—>(vi) X =—y —>(Vii)

Put x = S?y in equation (i)

2
)2
3 3
2
éyz +5L:5
9 3
25y° +15y%

9

5
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25y® +15y* =45
40y = 45

yzg

On taking square root, we get.

3
=t
=550

3 . ) )
Put y =—— in equation (vi
y 22 q (vi)

_5 3
3 22

5
22

Now put y = = in equation (vi)

242
33

Nl
242
Now put x=-Yy in equation (i)
(=) +(=y)(y)=5
y2 _ y2 — 5
0=5
But 0=5

) 5 3 -5 -3
.. Solution Set = , , ,
{M 2&] (2& 2J5j}
Alternate Method
X +xy =5-(i)

X

X

y? +xy =3 (ii)

eq(i) =

X(x+y)=5-> (iii)

eq(ii) =

y(x+y)=3-(iv)

Dividing equation (iii) and (iv)
x(x+y) 5

(x+y) 3

w]| o

y
X
y

x=2Y

3

Put x = %y in equation (i)

2
3] (3
3 3
2
§y2 +5L:5
9 3
25y% +15y*
9
25y* +15y% =45

40y® =45

5

9
2—_
d 8

On taking square root, we get.

3
=t—
y 202

Put y= in equation (vi)

5
242
Now put y = =2 i equation (Vi)

242
)

-5

a2

~.Solution Set ={(25ﬁ' 235][2_%2%]}
Q.13 (A.B)

X

X2—2xy =7

Xy +3y° =2
Solution:

X2 =2xy=7— (i)
xy +3y* =2 — (ii)
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Multiply equation (i) by 2’ and
equation (ii) by 7’
2x% —4xy =14 — (iii)
7xy+ 21y’ =14 — (iv)
Subtract equation (iii) and (iv)
2x° —4xy =14
_Txy+21y*=_14
2x* —11xy —21y* =0
2x% —14xy +3xy—21y* =0
2x(x—=7y)+3y(x-7y)=0
(x=7y)(2x+3y)=0
Either
X—7y=0 or

2x+3y=0

-3 .

X= ?y——>(V|)
Put in equation (ii)

(7y)y+3y*=2 (_—Syjy+3y2:2

X=7y ——>(V)

Put in equation (ii)

2
2 2
7y2+3y2:2 wzz
10y2 =2 3y’=4
4
5y’ =1 2_ 7
y y 3
z_l _+£
y 5 y _J§
1 ) . .
=t— Put in equation (vi
y 7 q (vi)
Putin equation (v) | wheny = _—2
1
when y=—— _3(_2
y \/g X 2( 3j
x—?(—iJ x—i
N3 g
-7
J5
when
y—i when y—i
5 N2

T
X= % x=-/3
. Solution Set

(i3l a3y

Problems Leading to Quadratic|
(A.B + K.B + U.B)

Example 1: (Page # 43

Three less than a certain number

multiplied by 9 less than twice the

number is 104. Find the number.
Solution:

Let the required number = x

Then, three less than the

number=x-3

And, 9 less than twice the

number=2x—-9

According to given condition

(x—=3)(2x—9) =104

2x* —9Xx—6Xx+27-104=0

2x*—15x—-77=0

2x2 —22x+7x—77=0

2X(x-11)+7(x-11)=0

(x-1Y(2x+7)=0

Either

x—=11=0 or 2x+7=0

=Xx=11 or x= —Z
Result:

Thus, required number is either 11 or !

Example 2: (Page # 44) (A.B)

The length of rectangle is 4cm more

than its breadth. If the area of

rectangle is 45cm?. Find its sides.
Solution:

Let breadth of rectangle = x
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Then, length of rectangle= x+4

Area of rectangle = 45cm?

According to given condition
X(x+4)=45

X* +4x—-45=0

X? +9x—-5x—-45=0
X(x+9)-5(x+9)=0
(x+9)(x-5)=0

Either

X+9=0 or x-5=0
=x=-9 or x=5
(Neglecting —ve value)
 X+4=5+4=9

Result:
Thus, the breadth is 5cm and length is 9cm

Exercise 2.8

Q.1

The product of two positive
consecutive numbers is 182. Find the

numbers. (A.B)

Solution:

Q.2

Let two positive consecutive
numbers are x,x+1

According to given condition:
X(x+1)=182

X*+Xx-182=0

X* +14x—13x—182=0
X(X+14)-13(x+14)=0
(x+14)(x-13)=0

Either

X+14=0 or x—=13=0
Xx=-14 x=13

(Ignore negative value)

Therefore,

x=13

X+1=13+1=14

Result:

Thus, required Numbers are 13 and 14.
The sum of squares of three
positive consecutive numbers is 77.

Find the numbers. (A.B + K.B)
(SWL 2015)

Solution:

Let three consecutive numbers are

Q.3

X, X+1,X+2

According to given condition:

X2 +(x+1)2 +(x+2)2 =77

X2+ X+ 2X+1+ X2 +4x+4-T77=0
3x*+6x-72=0

3(x* +2x-24)=0

X?+2x—24=0

X? +6x—4x—-24=0
X(x+6)—4(x—6)=0
(x+6)(x—-4)=0

Either

X+6=0 or X—4=0
X=-6 x=4
(Ignore negative value)
Therefore, Xx=4

= X+1=4+1=5

& X+2=4+2=6
Result:

Thus required numbers are 4, 5 and 6.
The sum of five times a number
and the square of the numbers is

204, (A.B + K.B)

Solution:

Q.4

Let required number = x
Five times of the number =5x
According to given condition:
x% +5x = 204
x?+5x—204=0
x?+17x—12x-204=0
X(x+17)-12(x+17)=0
(x+17)(x-12)=0
Either
X+17=0 or
Xx=-17
Result:
Thus required number is either —17 or 12.
The product of five less than three
times a certain number and one
less than four times the number
is7. Find the number.

(A.B + K.B)

x-12=0
x=12

Solution:
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Q5

Let the required number is x
Five less than three times the
number=3x-5

One less than four times a
number=4x-1

According to given condition
(3x—5)(4x-1)=7

12x* —3x—20x+5-7=0
12x> —23x—-2=0

12x* —24x+x—-2=0
12x(x-2)+1(x-2)=0

12x(x—2)+1(x-2)=0
(x-2)(12x+1)=0
Either
x-2=0 or 12x+1=0
X=2 12x=-1
-1
X=—
12
Result:

Thus, required number is either 2

1
or——.
12
The difference of a number and its

reciprocal is%. Find the number.

(A.B + K.B)

Solution:

Let, required number is x

| —

Reciprocal of the number =

Difference of the numbers=

4>|('_‘,-,><

According to given condition
1 15
X 4
x*-1 15
X 4
By cross multiplication
Ax* —4 =15x
4x* -15x-4=0
4x* —-16X+x—-4=0
4x(x—4)+1(x-4)=0

(x—4)(4x+1)=0

Either
X—4=0 or 4x+1=0
X=4 4x =-1
-1
X=—
4
Result:

Thus, required number is either 4 or _71

Q.6 The sum of a number of two digits
of a positive integral number is 65
and the number is 9 times the sum
of its digits. Find the number.

(A.B + K.B)

Solution:

Let unit’s digit = x

And ten’s digit =y

.. Required number=10y + x

According to given condition (1)

X2 +y* =65—— (i)

According to condition (1)

10y +x=9(x +y)

10y + x =9x + 9y

10y — 9y = 9x — x

y = 8x ——>(ii)

Put in equation (i)

x? +(8x)2 =65

x? +64x* =65

65x° =65

x* =1

Taking positive square root

x=1

Put in equation (ii)

y=8(1)

y=38

Required number =10y + x
=10(8)+1
=80+1
=81

Result:

Thus, required number is 81

Q.7  The sum of the co-ordinates of a

point is 9 and sum of their squares
is 45. Find the co-ordinates of the

point. (A.B + K.B)
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Solution: X+y=9 ——(i)
Let required point is (X, y) According to condition (ii)
According to condition | X? —y? =9—(ii)
X+y=9 —(j) Equation (i) = y = 9 — x ——>(iii)
According to condition Il Putin equatzion (i)
x*—(9-x)" =9

X2 +y? =45—(ii)
NG —(81—18x+ x2) =9

Equation (i) =
x* —81+18x—x*=9

X=9 -y ——(iii) 18x =9+81
Put in equation (ii) = Xx=5
W2 a2 = Put in equation (iii)
O-yi+y =45 y=9-5=4
8l -18y+y +y =45 Result:
2y?—18y+81-45=0 Thus, required numbers are 5 and 4.

) Q.9 Find two integers whose difference
2y" ~18y+36=0 is 4 and whose squares differ by
2(y2 —9y+18) -0 72. (A.B + K.B)

Solution:
y>—9y+18=0 Let the integers are x and y

According to condition-I

2— — =
y —6y—-3y+18=0 X—y =4 Q)

y(y-6)-3(y-6)=0 According to condition-11
2_\2_ -
(y-6)(y-3)=0 Cy W
t =
Either qufel ion (|)_:> x" y+4 ——(iii)
620 3=0 Put in equation (ii)
Yo o YTes (y+4) -y =72
y=0 y=3 y>+8y+16—y* =72
Put in equation (iii) 8y=72_16
X=9-6 X:9—(3) 8y:56
Xx=3 Xx=9-3 =y = 7
X=6 Put in equation (iii)
. X=7+4
Result: w— 11
Thus, required point is either Result:
(3,6) or (6,3) Thus, required integers are 11 and 7.

Q.8 Find two integers whose sum is 9 Q.10 Find the dimensions of a rectangle,

and the difference of their squares whose perimeter is 80cm and its
isalso®. (A.B + K.B) area is 375cm’ (K.B + A.B)
Solution: .
Let two integer are x and y Solution:
According to condition | Let length of rectangle = x cm
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And width of rectangle =y cm
According to condition-|
2(x+y) =80

- perimeter=2(length+ width)
X+y=40 —(i)

- Area = length x width

According to condition-II
Xy = 375 ——>(ii)
From equation (i)
y =40 — x ——(iii)
Put in (ii)
X(40—x) =375
40x—x*-375 = 0
—x*—-40-375=0

x> —40x+375=0

x* —25x—15x+375=0
X(x—25)—-15(x—-25)=0
(x—25)(x-15)=0

Either x—25=0 or x-15=0
X=25 Xx=15
Put in equation (iii)
y=40-25 y=40-15
y=15 y=25

Result:
Dimension of rectangle are either 25cm by
15cm or 15¢cm by 25cm.

Miscellaneous Exercise 2

Q.1
(1)

(i)

(iii)

(iv)

(V)

Multiple Choice Questions

Four possible answers are given for the following question. Tick (v') the correct answer.

If «, 8 are the roots of 3x* +5x—2=0, thena + S is;

(K.B + A.B)

(LHR 2017, SWL 2014, MTN 2015, 17, SGD 2015, 17, RWP 2016, D.G.K 2016)

@ >

© 3

@ =

©1

Roots of the equation 4x* —5x +2 = 0are;

(a) Irrational
(c) Rational

Cube roots of -1 are;

Ok

O

If a, B are the roots of 7x* —x+4 =0, then af is;

(K.B + U.B)
(LHR 2014, GRW 2014, 15, FSD 2016, BWP 2016)

® 2

O

(K-.B + A.B)

(b) Imaginary
(d) None of these

(K.B + U.B)

(LHR 2017, GRW 2017, SWL 2017, MTN 2014, 17, SGD 2015, 16, D.G.K 2017)

(@) -1,-w,—ao"
(©) -1,-o, o
Sum of the cube roots of unity is;

(b) -1, w,-o°
d) 1,-w,-0°

(K.B + A.B)
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(vi)

(vii)

(viii)

(ix)

(xi)

(xii)

(xiii)

(xiv)

@0 (b) 1
(c) -1 (d)3
Product of cube roots of unity is; (K.B + A.B)
(LHR 2016, GRW 2014, 16, SGD 2015, 17, BWP 2016, 17, RWP 2017)
(a0 (b) 1
(c) -1 (d)3
Ifb® —4ac <0, then the roots of ax* +bx +c =0are; (GRW2014) (K.B + A.B)
(@) Irrational (b) Rational
(c) Imaginary (d) None of these
Ifb® —4ac >0, but not a perfect square then roots of ax* +bx +c =0are; (K.B)
(LHR 2014, BWP 2017)
(a) Imaginary (b) Rational
(c) Irrational (d) None of these
l+l is equal to; (K.B + U.B)
a p
(LHR 2014, 15, GRW 2016, FSD 2017, BWP 2017, RWP 2016, SGD 2017)
1 1 1
a) — b) — - —
(a) " (b) w7
) &2 (@) &2
7 7
o’ + [ is equal to; (U.B + A.B)
(LHR 2014, 15, GRW 2014, 17, FSD 2016, BWP 2015, RWP 2016, 17)
1 1
@ o -5 ®) 5+ 27
©) (a+pB) —2ap d) a+2
Two square roots of unity are; (U.B + A.B)
(LHR 2015, 16, GRW 2014, FSD 2015, 16, MTN 2016, SGD 2016, D.G.K 2015, 16, 17)
(@ 1,-1 () Lo
©) L-w (d) o,
Roots of the equation 4x* —4x+1=0 are; (U.B + A.B)
(LHR 2015, GRW 2017, FSD 2016, BWP 2015, MTN 2017, SGD 2016)
(a) Real equal (b) Real unequal
(c) Imaginary (d) Irrational
If , 3 are the roots of px* +gx+r =0, then sum of the roots 2« and 23 is; (K.B)
— r
(a) = (b) —
p p
-2
(© =1 (d) —--
p 2p

If , 8 are the roots of x* —x—1=0, then product of the roots 2 and23is;  (U.B)
(FSD 2014, 17, BWP 2016, D.G.K 2015, 16, 17)

(a) -2 (b) 2

(c)4 (d) -4
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(xv)  The nature of the roots of equation ax® + bx +c = Ois determined by; (A.B)
(GRW 2016, SWL 2015, 2017, MTN 2015)
(a) Sum of the roots (b) Product of the roots
(c) Synthetic division (d) Discriminant
(xvi) The discriminant of ax* +bx +c = Qis; (K.B + A.B)
(LHR 2016, FSD 2017, SWL 2016, 17, RWP 2014, 16, SGD 2016, MTN 2015, D.G.K 2016)
(a) b*>—4ac (b) b®+4ac
(c) —b* +4ac (d) —b®* —4ac

ANSWER KEY)|

BNy Kl Bl i) (i
JD_IEILIEIL

iy  WC (vi) I (xi) El()
VI - IDE c IO - |
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Q.2

Q) Discuss the nature of the roots of
the following equations. (A.B)
Solution:
(@)  x*+3x+5=0
Here a=1,b=3,c=5
Disc =b?-4ac

= (3)* = 4(1)(5)

=9-20

=-11

<0
.". Roots are complex conjugate or imaginary.
(b) 2x*-7x+3=0 (A.B)

(GRW 2016, SGD 2014, RWP 2017, D.G.K 2016)
Herea=2,b=-7,c=3
Disc b? — 4ac

(-7 -4(2)(3)

49 — 24

=25
Since disc >0 and perfect square roots are
rational and unequal.
(c) X’ +6x—-1=0 (A.B)
Here a=1b=6,c=-1
Disc = b?—4ac
=(6)*-4(1)(-1)
=36+4
=40
Since Disc. >0 and not a perfect square roots
are irrational and unequal.
(d)  16x*-8x+1=0 (FsD2017) (A.B)
Herea=16,b=-8,c=1
Disc. = b®—4ac
-8)° —4(16)(1)

(
64— 64
0

Since, Disc. = 0, roots are rational and

equal.
(i) Finde?,if o= ‘1+—2‘/3 (A.B)
(GRW 2017, SGD 2014, BWP 2016)

Solution:
Here

~1+-3
0=——"-

Square both sides

o255

2

(-1)° +(v73) +2(-1)(V3)

2

o (2
e 1+(-3)-2V-3
4
., _—2-24-3
@ —T
25
4
,_-1-+-3
@ _T

(i)  Prove that the sum of all cube
roots of unity is zero.(A.B + K.B)
Ans. See property of cube roots Page # 45
(iv)  Find the product of complex cube
roots of unity. (A.B + K.B)
Ans. See property of cube roots Page # 44
(V) Show that:
X4y’ =(x+ y)(x+a)y)(x+a)2y)
(A.B + K.B)
Ans. See Exe-2.2 Q.3 Page # 47
(vi) Evaluate: o* +w®+1
(A.B + K.B)
Solution:
o +0® +1
= o*.0+0’.0" +1
12 12
(a)s) .a)+(a)3) o’ +1
(1) w+(1)" @* +1
o+ o+l
=0
Lo +0®+1=0
(vii) Evaluate (I-w+w?)
(A.B + K.B)

Solution:
1-o0+ 0P
[1+ 0?- 0]°
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(viii) If @ is cube root of unity, form an
equation whose roots are 3w and
3w?. (A.B + K.B)

Solution:

Roots of required equation are 3@ and 3@ ?2.
Sumofroots=S=3w +3w?

=3(w + 0?
=3(-1)
=3
Product of roots =P = (3w )(3®w?)
=903
=9(1)
.. Required quadratic equation is
x> —Sx+P=0
x> —(-3)x+9=0

. X* +3x+9=0 :

(ixX)  Use synthetic division, find the
remainder and quotient when
(x*+3x°+2)+(x-2). (A.B)

Solution:

P(x)=x>+3x*+2
=x>+3x* +0x+2
1 3 0 2
214 2 10 20
|1 5 10 [22
.. Remainder = 22
Q(X) =x%+5x +10

(x) Use synthetic division, show that

x—2 is the factor x*+x*— 7x+ 2.

Solution: (A.B + K.B)
P(X)=x*+x*—7x+2
‘ 1 1 7 2
24 2 6 2
1 3 1 ]

Since remainder is zero, x — 2 is a
factor of given polynomial.

(xi)  Find the sum and product of the
roots of the equation
2Px* +30x—4r=0

Solution:
2Px* +30x—4r=0
Here a=2P,b=3q,c=-4r

(A.B + K.B)

Sum of roots = —
a

-3
2P

Product of roots = ¢
a

Sl
2P
s
P

(xii)  Find %+i2 when a, B are of the

roots of the equation

X’ —4x+3=0.
Solution:

X’ —4x+3=0

Here a=1b=-4,c=3

Let roots of given equation are a., f3

(A.B + K.B)

Then sum of roots = a + B = _g
-_A
1
Product of roots = off = g
3
aff = I
opf =3
Consider
1 1 p°+0?
@ B2 o
o’ +p°
C
_ (a+pB) -20p
(B)’
_ (47 -2(3)
(3)
_ 16-6
9
1 1 10
= —2+—2 = —
a” p 9
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(xiii) If a, B are the roots of
4x*—3x+ 6 =0, find (A.B)

@ o' +p’
a B
(b) E+a
(© o—
Solution:
4x* —3X+6=0
Roots of given equation are o, f3
-3
O(+B - —Z
-3
4
_ 6
GB— Z
-3
2
@ o+ =(a+p) —20ap (A.B)
(343
4 2
= E—
. 9-48
16
=a’+p = _1—3;9
g E_ aZ +[32
(b) [3+0t B (A.B)
-39
- 16
%
2
-39.2
16 3
_a p _-13
f « 8
©  a-p=y(a-B) (A.B)
= (a+B)2—4aB
(-0
4 2
= 3—6
16

©
=
SR e}

>

b‘ﬁ |
(0e]

| 0o
~ G>|\l

>a-p =

(xiv) If a, B are the roots of
x’—5x+7=0, find an equation
whose roots are

@ -o-B

(b)  2a,2B

Solution:
x> —=5x+7=0
Roots of given equation are a., 3

af =7
(@) Roots of required equation are
—a,—f3 (A.B)
Sum of roots = S = —a + ()
== goc +B)

Prod. Of roots = P = (o)) ()
= aB
=7
.. Required equation is:
X*—Sx+P=0
x> —(-5)x+7=0
X*+5x+7=0
(b) Roots of required equation are
2a,2/3 (A.B)
Sum of roots = S = 2a. + 23
=2(a+ B)
=2(5)
=10
Prod. Of roots = P = (2a)(2B)
=40f
= 4(7)
=28
Required quadratic equation is:
X*—Sx+P=0
x*—10x+28=0

www.OnlineMathAcademe.com 85



Unit-2 Theory of Quadratic Equations Bashir Ahmad Mubashar M.Phil, M.Ed

Q.3  Fill in the blanks

(i) The discriminant of ax® +bx+c=0 is : (K.B)
(i)  Ifb*—4ac =0, then roots of ax* +bx+c=0are : (K.B)
(iii)  Ifb*—4ac >0, then the roots of ax® +bx+c=0are . (K.B)
(iv)  Ifb*—4ac <0, then the root of ax® +bx+c=0are : (K.B)
(v)  Ifb®—4ac <0and perfect square, then the roots of ax> +bx+c =0 are . (K.B)
(vi)  Ifb*—4ac <0and not a perfect square, then roots of ax* +bx+c =0 are .(K.B)
(vii)  Ifa, B are the roots of ax® +bx+c =0, then sum of the roots is : (K.B)
(viii) If, B are the roots of ax® +bx+c =0, then product of the roots is . (K.B)
(ix)  Ifa, B are the roots of 7x* —5x+3 =0, then sum of the roots is . (K.B)
(x) If o, 3 are the roots of 5x* +3x—9 =0, then product of the roots is . (K.B)
(xi)  For a quadratic equation ax®+bx+c=0, # is equal to . (K.B)
(xii)  Cube roots of unity are . (K.B)
(xiit)  Under usual notation sum of the roots of unity is . (K.B)
(xiv) If1, w, w* are the cube roots of unity, then ™" is equal to . (K.B)

(xv) Ifa, pare the roots of the quadratic equation, then the quadratic equation is written as

(xvi) If2wand 20’ are the roots of an equation, then equation is

ANSWER KEY)|

(i) b® —4ac -9
(i)  Equal 0 =
(iii)  Real

(iv)  Imaginary xi)y =

(V) Rational

(vi)  Irrational (real) i) 10,0

b
i) - -2 (xiii) Zero
wiii)y < o) o
a (xv) X' —(a+pB)x+af=0
5
(ix) 7 (xvi) X*+2x+4=0
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SELF TEST

Time: 40 min
Four possible answers (A), (B), (C) & (D) to each question are given, mark the

Q.1

1

Q.2
()
(i)
(iii)
(iv)
V)

Q.3
(@
(b)

correct answer.

o = is:

(A) o°

€)1

Which is not a symmetric function?

(A) o* - p°
©C) &’ + 5

Marks: 25
(7x1=7)
B) o
(D)0
(B) a” + p*
® 45

Ifg , % are the roots of a quadratic equation, then required quadratic equation is:

(A) 2x* +2x+3=0
(C) x* +4x+3=0

(B) 4x* +8x+3=0
(D) 4x*-8x+3=0

If roots of a quadric equation x* +qgx+ p =0 are the additive inverse of each other,

then:

(A) p=0,9=0 (B) p=0

(C) g=0 (D) p=1g=1
What will be the remainder if 4x* —5x+15 is divided by X +3?
(A) 78 (B) 139

(C)-78 (D) 125

Cube roots of —lare:

(A) -1, -0,-o" (B)-1, 0, —*

C) -, -0, (D)1, 0, &

Roots of the equation 4x* —5x+2=0are:
(A) Irrational
(C) Rational

Give Short Answers to following Questions.

Evaluate: (1-30-30%) .

(B) Imaginary
(D) None
(5%2=10)

Prove that each complex cube root of unity is reciprocal of the other.
Show that the roots of the equation( p+¢)x* — px—q =0are rational.

If @ is a cube root of unity, form an equation whose roots are 2w and 2o°.
Use synthetic division to find the quotient and the remainder when the polynomial

x* —10x* —2x is divided by x+3.
Answer the following Questions.

(4+4=8)

Prove that X°+y*+2°-3xyz = (x+y+2)(X+ @y + 0’z )(x+ 0’y + w2

Find two integers whose sum is 9 and the difference of their squares is also 9.
NOTE: Parents or guardians can conduct this test in their supervision in order to check the skill

of students.
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